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TF di una sequenza

Ricordando la relazione di campionamento in frequenza.

1 ([ k

E’ possibile utilizzare la fft() per stimare la Trasformata di Fourier X(f) della sequenza aperiodica
x[n] :

[k
X (W) = NyX (k)

Tramite la fft() si possono calcolare gli X(k) e da questi i valori della X(f)
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TF di una sequenza

Come esempio consideriamo la Trasformata di Fourier di una finestra rettangolare discreta:
x[n] = u[n] — u[n —5]

11—

E il modulo della TF ha questo andamento
rispetto alle frequenze normalizzate:

x[n] Y\

La Trasformata di Fourier vale

o~ sin(5rfT)
X =St

—JjantfT

Per poter calcolare la X(f) attraverso la fft() bisogna ragionare sulla
numerosita campionaria e sulla risoluzione temporale e frequenziale
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Modulo
N

Zero padding

Si consideri un vettore contenente gli elementi non nulli della sequenza di partenza: quindi di 5 elementi
x[n]=[11111]

Si esegue la fft() sul vettore x[n], rispettivamente con N =5,con N =10 e N =20. Nelcasodi N = 10

e N =20, e necessario aggiungere in coda al vettore di partenza rispettivamente 5 e 15 zeri. Questo puo

essere ottenuto sia nella definizione di x[n], ma anche, piu generalmente su tutti i vettori, come secondo

input alla funzione: X = fft(x,N)

Il grafico del modulo del risultato della fft() e sovrapposto a quello della Trasformata di Fourier della
seguenza. Si noti che se non effettuiamo la normalizzazione per N l'algoritmo fft(), nella versione di
Matlab, fornisce gia il valore N = X (k).

E formalmente indistinguibile una x[n] a
gradino da una costante

Modulo
N ©
o w o &

- o N ¢
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Effetto del troncamento

Consideriamo un sequenza infinita X[n] e osserviamola per un numero N di campioni, ad esempio per
n chevada0a N — 1, ottenendo una sequenza x[n]

La sequenza osservata e legata a x[n] dalla seguente relazione nel tempo

x[n] = X[n] * (u[n] —u[n - N])

Cio comporta una variazione in frequenza, dato che la TF di x[n] & legata a quella della sequenza
originale tramite una convoluzione con una funzione simile ad una sinc

sin(fTN)
sin(rtfT)

e JTfT(N-1)

X=X QU =X

Dove X(f) e la TF di #[n] e U(f) & la TF della finestra rettangolare.
Volendo calcolare la TDF, si effettuera un campionamento della X(f) trovata sopra:

. k N
X(k) = 1 k - X i ®Sln W —]TE k T(N 1) Si sta solo
N NoT ) NoT sin( k T)
N,T
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Effetto del troncamento

Vediamo I'esempio della TF di un segnale dato dalla somma di due funzioni cosinusoidali,
aventi rispettivamente frequenze f; e f,

La TF della sequenza periodica e data dai 4 fasori che compongono le componenti

ba| =

—f2 —h f fi f2 -

3=
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Effetto del troncamento

Si mostra cosa succede al variare dellampiezza temporale della finestra di osservazione
alla TF, a partire da una finestra piu piccola fino ad aumentarne la durata
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X(f)

X(f)

In rosso e blu le sinc (trasformata
della onda quadra) centrate in

ciascuna §
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Effetto del troncamento

Si noti come nel primo caso anche effettuando un’operazione di zero padding, quindi con un aumento
sensibile del numero di campioni (tutti = 0), pur comportando un aumento del numero di campioni in
frequenza, non permette di migliorare la risoluzione frequenziale, intesa come capacita di distinguere
due componenti, e non come distanza tra campioni in frequenza.

Tale miglioramento si puo ottenere solo aumentando la finestra di osservazione, la quale permette un
effettivo aumento dell’'informazione contenuta dal segnale. Il miglioramento della risoluzione frequenziale
tramite zero padding € fittizio’ nel senso che ci permette di distinguere meglio componenti gia presenti
ma non ne aggiunge di nuovi (come l'operazione di interpolazione).
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Filtering

|l filtraggio € quell’'operazione svolta al fine di ottenere un segnale che abbia determinate caratteristiche
frequenziali (es. il cui contenuto comprenda solo le frequenze di interesse 0 non sia sporcato da
componenti frequenziali spurie). Quindi si cerca di creare un sistema h tale da fornire il segnale richiesto y
a partire da quello di partenza x. Tale operazione viene definita filtering e il sistema h e detto filtro e lo

considereremo lineare e stazionario .

Passa basso Passa alto
fo fo
Passa banda Notch
B RS

fi fo f2 f1 fo f2
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Filtering

Il punto, quindi, € progettare dei sistemi tali da avere le migliori caratteristiche possibili
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Linear Time Invariant

System

Tempo continuo X(t) h(t) Y (1)
| . | Y (t) = h(t) * X (t)
LTT System
Tempo discreto X (n) h(n) Y (n)
I : | Y(n) =h(n)* X(n)
LTI System

Finite Impulse Response filter
N

yln] = ) x[klh[n - k]

k=0

Infinite Impulse Response filter

(0]

yln] = )" x[klh[n k]

k=0
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xin) : axn] Finite Impulse Response filter Infinite Impulse Response filter

N
- o y[n] = Y x[k]h[n — k] y[n] = z x[k]h[n — k]
L k=0 M fe=0 N
x [ X, [l N yln] = z a,yln —ml + z bix[n — kj
f yln] = ) byxln — k] m=1 =
[n) =0 " : -
X, 7t 71 71 —l
' bo b, b, by
----- Yn
FIR Filter

BIBO stability
A linear time invariant (LTI) system (such as a digital filter) is said
to be bounded input, bounded output stable, or BIBO stable, if
every bounded input gives rise to a bounded output, as
Yieolhlk]| < oo
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Finite Impulse Response filter

Xn Z4

Z: » Z1

A 4

Yn

FIR Filter

N

yln = ) bexln— k] > Y(2) = HRX()
k=0

Yz
H(z) = X2 = kZ;)bkz_k

a, and b, are the filter's denominator and numerator polynomial
coefficients, who's roots are equal to the filter's poles and zeros
respectively. Thus, we can write a relationship between the equation and
the z —transform. As seen, the transfer function is a frequency domain
representation of the filter. The poles act on the output data, and the zeros
on the input data. Since the poles act on the output data, and affect
stability, it is essential that their radii ( r ) remain inside the unit circle (i.e.,
r < 1) for BIBO stability. The radii of the zeros are less critical, as they do
not affect filter stability. That's why all-zero FIR filters are always stable.

Infinite Impulse Response filter

| O

IIR Filter

M

N
ylnl = )" amyln—ml+ ) byxln k]

m=1 k=0
M N
Y(z)|1 - z anz ™| =X(z) z b,z ¥
m=1 k=0
Y(z N_b,z7k
H(Z) — ( ) = k&o k -
X(z) 1-Y7_iamz



FIR (finite impulse response) filters are generally chosen for applications
where linear phase is important and a decent amount of memory and
computational performance are available. They are widely employed in

audio and biomedical signal enhancement applications. Their all-zero bo by b, by

structure ensures that they never become unstable for any type of input

signal, which gives them a distinct advantage over thellr. L 5 }——5 }----- Vi
FIR Filter

Advantages

Linear phase: FIRs can be easily designed to have linear phase. This means that no phase distortion is introduced into the
signal to be filtered, as all frequencies are shifted in time by the same amount — thus maintaining their relative harmonic
relationships (i.e., constant group and phase delay). This is certainly not the case with IIR filters, that have a non-linear
phase characteristic (some biomedical measures, as connectivity, are based on phase lag).

Stability: As FIRs do not use previous output values to compute their present output (i.e., they have no feedback) they can
never become unstable for any type of input signal, which is gives them a distinct advantage over IIR filters.

Arbitrary frequency response: a FIR can be customized more easily than an IIR.

Fixed point performance: the effects of quantization are less severe than that of an IIR.
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Disadvantages

High computational and memory requirement: FIRs usually require many more coefficients for achieving a sharp cut-off
than their IIR counterparts. The consequence of this is that they require much more memory and a significantly higher
amount of MAC (multiple and accumulate) operations. However, modern microcontroller architectures expedite the filtering

operation significantly.

Higher latency: the higher number of coefficients means that in general a linear phase FIR is less suitable than an IIR for
fast applications. This becomes problematic for real-time closed-loop control applications, where a linear phase FIR filter may

have too much group delay to achieve loop stability.

No analog equivalent: using the Bilinear, matched z-transform (s-z mapping), an analog filter can be easily transformed into

an equivalent IR filter. However, this is not possible for a FIR as it has no analog equivalent.

Z-l

FIR Filter

Yn



lIR (infinite impulse response) filters are generally chosen for applications where -
linear phase is not very important and memory is limited. They have been widely
deployed in audio equalization, biomedical sensor signal processing, smart

sensors and high-speed real-time applications.

Advantages

- Low implementation cost: they require less coefficients and memory than FIR
filters in order to satisfy a similar set of specifications, i.e., cut-off frequency and
stopband attenuation.

- Low latency: suitable for real-time control and very high-speed applications by
virtue of the low number of coefficients.

- Analog equivalent: May be used for mimicking the characteristics of analog filters
using s-z (Laplace-Zed) plane mapping transforms. IIR Eilter

Disadvantages

- Non-linear phase characteristics: The phase characteristics of an IIR filter are generally nonlinear, especially near the
cut-off frequencies. All-pass equalization filters can be used in order to improve the passband phase characteristics.

- More detailed analysis: Requires more scaling and numeric overflow analysis when implemented in fixed point. lIR
filters are especially sensitive to the effects of quantization and require special care during the design phase.

- Numerical stability: Less numerically stable than their FIR counterparts, due to the feedback paths.
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The ideal filter is impossible to be used in real world scenario, since
it has a sinc() shape which is infinite in duration, thus non-causal

Hywy={ L lwl <w Jreq
W= 0ifw, < || <7 )
time”
............................................................. 1
Do you remember what we did to obtain a periodic and limited TDF?
TRUNCATION (in freq it means convolution with a sinc) g
=1 M = 30
1.2
1 o
transition banf 08
3 06
0.2
AL N o \ﬁ e
“o 02 04 06 08 1 —0-25 02 04 0.6 08 1
Normalized frequency Normalized frequency
M = 200 M = 1000
1.2 v 1.2
1 : | ; 1
08 : : o8t
i3 06 3 06
= 04 = o4l
02 02
0 i 0
025 0.2 0.4 0.6 0.8 1 025 0.2 0.4 0.6 0.8 1
Normalized frequency Normalized frequency

Though the transition band gets narrower asM — oo, the ripple remains!
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|deally, we would like to have small order (few computations), and W (w) close to a Dirac’ delta,

but these requirements are conflicting between each other.

LN,

Hd(ejo)
W (ed(«@—9))

a

A

7~

ViR
7 g ~ 7
0 \/ 2>~/ \/
/\\// \\//-\‘ [/\ N \//-\
J P
NV ™~ N/ Nt D
0 27

Principi di Bioingegneria - A.A. 2024/25

19



FIR design by windows method

A partial solution can be obtained applying a different window substituting the rectangular window

Hanning's
Hamming'’s
Blackman’s
Kaiser’s
Bartlett's

Window functions M=16 Fourier transforms of windows M=16

T T T A\l T L

——— Hanning : : —— Hanning
C= - Hamming
— . Blackman

— = Hamming ||
- —  Blackman

dB

=100
0 3.5

Sample number
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FIR design by window method
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There are, of course, several other methods:

- EQUIRIPPLE: Find the optimal b, that satisfies passband/stopband ripple constraints.

- WEIGHTED LEAST SQUARE: it exploits the least squares optimization method to find the
coefficient of FIR filter enforcing even symmetry in the impulse response.



lIR classical design methods:
Butterworth Chebyshev Type | Chebyshev Type Il Elliptic

Each method has its pros and cons, but in general the Elliptic method is chosen as it meets the design
specifications with the lowest order of any of the methods. However, this desirable property comes at the
expense of ripple in both the passband and stopband, and very non-linear passband phase characteristics.
Therefore, the Elliptic filter should only be used in applications where memory is limited, and passband phase

linearity is less important.

The Butterworth and Chebyshev Type Il methods have flat passbands (no ripple), making them a good choice
for low frequency measurement applications. However, this desirable property comes at the expense of wider
transition bands, resulting in low passband to stopband transition (slow roll-off). The Chebyshev Type | and
Elliptic methods roll-off faster but have passband ripple and very non-linear passband phase characteristics.



The frequency response below show the differences between the various design methods for a 5th order lowpass filter with the same specifications.
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A digital biquad filter is a second order recursive linear filter, containing two poles and two zeros. "Biquad" is an
abbreviation of "biquadratic"”, which refers to the fact that in the Z domain, its transfer function is the ratio of two

guadratic functions:
bn -I—E)]E ! -|-ng 2
1+a;27! +agz72

. b{]"‘blz 1+bgz 2

_ : The coefficients are often normalized such thata, =1  H(z) =
ag + a1z 1 +azz?

H(z)

High-order infinite impulse response filters can be highly sensitive to quantization of their coefficients and can
easily become unstable. This is much less of a problem with first and second-order filters; therefore, higher-
order filters are typically implemented as serially-cascaded biquad sections (and a first-order filter if
necessary). The two poles of the biquad filter must be inside the unit circle for it to be stable. In general, this is
true for all discrete filters, i.e., all poles must be inside the unit circle in the Z-domain for the filter to be stable.

b,
x[nJ ; > >Q ; > y/n]

z1 z1
b,
N 1
z1 z1

b,

_I_

—d,



Filtering in MATLAB
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Filtering in MATLAB

Un’altra app simile e Filter Builder

4. Response... -

Select a filter response:

" Lowpass

Highpass
Bandpass
Bandstop
Differentiator
Hilbert Transformer
Arbitrary Response
Fulse Shaping
Myquist

Halfband
Cascaded Integrator-Comb
CIC Compensator
Inverse-sinc
Octave

OK

Cancel

I 4\ Bandpass Design
! Band pass Design
| Design a bandpass filter.

|Save variable as: Hbp

Main  Data Types  Code Generation
Filter specifications

Impulse response: FIR

Order mode: Minimum

Filter type: Single-rate
Frequency specifications

Frequency units: Normalized (0 to 1) ~

Stopband frequency 1: .35

Passband frequency 2: .55

Magnitude specifications
Magnitude units: dB
Stopband attenuation 1: 60

View Filter Respon:

T TS Mo s

Passband frequency 1: .45

Stopband frequency 2: .65

Passband ripple: 1 |

Stopband attenuation 2: 60

Algorithm
Design method: Equiripple

» Design options

oK Cancel Help Apply
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Filtering in MATLAB

Queste app sono degli utili strumenti grafici, con delle
interfacce, per la progettazione dei filtri. Esse
comungue si basano su altre funzioni Matlab che
possono tranquillamente essere usate via codice

v IR Filters

butter
buttord
chebyl
cheblord
cheby?2
chebZord
designfilt
ellip
ellipord

yulewalk

Butterworth filter design

Butterworth filter order and cutoff frequency
Chebyshev Type | filter design

Chebyshev Type | filter order

Chebyshev Type Il filter design

Chebyshev Type [l filter order

Design digital filters

Elliptic filter design

Minimum order for elliptic filters

Recursive digital filter design

v FIR Filters

cfirpm
designfilt
firl

fir2

fircls
firclsl

firls

firpm
firpmord
gaussdesign
intfilt
kaiserord
maxtlat
rcosdesign

sgolay

Principi di Bioingegneria - A.A. 2024/25

Complex and nonlinear-phase equiripple FIR filter design
Design digital filters

Window-based FIR filter design

Frequency sampling-based FIR filter design
Constrained-least-squares FIR multiband filter design

Constrained-least-squares linear-phase FIR lowpass and
highpass filter design

Least-squares linear-phase FIR filter design
Parks-McClellan optimal FIR filter design
Parks-McClellan optimal FIR filter order estimation
Gaussian FIR pulse-shaping filter design

Interpolation FIR filter design

Kaiser window FIR filter design estimation parameters
Generalized digital Butterworth filter design

Raised cosine FIR pulse-shaping filter design

Savitzky-Golay filter design
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Filtering in MATLAB

Una volta progettati, i filtri
vanno verificati

Filtering Functions

bandpass
bandstop
highpass
lowpass
frifilt
filtfilt

filtic

hampel
latcfilt
medfiltl
residuez
sgolayfilt

sosfilt

Bandpass-filter signals
Bandstop-filter signals
Highpass-filter signals

Lowpass-filter signals

FFT-based FIR filtering using overlap-add method
Zero-phase digital filtering

Initial conditions for transposed direct-form Il filter

implementation

v Frequency-Domain Responses

abs

angle
freqz
grpdelay
phasedelay
phasez
unwrap
zerophase

zplane

Outlier removal using Hampel identifier

Lattice and lattice-ladder filter implementation

1-D median filtering

Z-transform partial-fraction expansion

Savitzky-Golay filtering

Second-order (biquadratic) IIR digital filtering

Absolute value and complex magnitude
Phase angle

Frequency response of digital filter
Average filter delay (group delay)
Phase delay of digital filter

Phase response of digital filter

Shift phase angles

Zero-phase response of digital filter

Zero-pole plot for discrete-time systems

e soprattutto applicati
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v Time-Domain Responses

impz
impzlength

stepz

~ Filter Exploration

filtord
filternorm
firtype
isallpass
isfir
islinphase
ismaxphase
isminphase

isstable

Impulse response of digital filter
Impulse response length

Step response of digital filter

Filter order

2-norm or infinity-norm of digital filter

Type of linear phase FIR filter

Determine whether filter is allpass

Determine if digital filter has finite impulse response
Determine whether filter has linear phase

Determine whether filter is maximum phase
Determine whether filter is minimum phase

Determine whether filter is stable
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Filtering in MATLAB
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Filtering in MATLAB

Esempio equivalente
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Esercitazione

Nel file ‘'SampleHEP.mat’, tra i file condivisi sul sito del corso, sono presenti:

- una variabile C4 proveniente dal canale C4 di un EEG;

- una variabile ECG proveniente dalla derivazione monopolare LA;

- una variabile t che rappresenta il tempo (in secondi);

- una variabile R_peaks riportante gli indici degli istanti temporali in cui si sono verificati i picchi R
nellECG.

Si richiede di:

- graficare 'ECG e sovrapporvi dei marker in prossimita dei picchi R per verificare la corretta
temporizzazione;

- ricavare la serie HRV e graficarla;

- calcolare la frequenza cardiaca media;

- Ricavare il potenziale evocato dal battito cardiaco (heartbeat evoked potential, HEP).

Per 'HEP, si consideri per ogni picco R una finestra del’lEEG di 1 secondo che inizi in corrispondenza
del picco stesso, e si faccia la media tra tutte le finestre registrabili.
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